We present an explicit expression for the grand potential of the U(N ) 3 superconformal Chern-Simons theory with the Chern-Simons levels being (k, 0, −k). From the viewpoint of the Newton polygon, it is expected that the grand potential is given by the free energy of the topological string theory on the local D 5 del Pezzo geometry, though the explicit identification was a puzzle for years. We show how the expectation is realized explicitly. As a bonus, we can also study the Z 2 orbifold of this theory and find the grand potential is now given in terms of the local E 7 del Pezzo
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is the BPS indices of the local P 1 × P 1 geometry (see [18, 19] for reviews). The appearance of the topological string theory and the local P 1 × P 1 geometry may look surprising at first sight. This is partially motivated by the Fermi gas formalism [7] , which rewrites the partition function of the ABJM theory into that of a non-interacting Fermi gas system. The spectral operator of this system is given by e H = (2 cosh
)(2 cosh
) where q and p are the canonical position/momentum operators. Then, it was observed [7] that the Newton polygon of the classical spectral curve m,n e mq+np = e E with m, n = ± 1 2 is nothing but that of the P 1 × P 1 geometry under the change of variables.
After establishing the results for the M2-branes on the background with large supersymmetry, it is interesting to explore more general backgrounds. Namely, we can naturally ask what happens when we consider other superconformal Chern-Simons theories, which are natural generalizations of the ABJM theory. Especially, we are interested in whether the non-perturbative part of the reduced grand potential of those superconformal Chern-Simons theories falls into the same expression (1.1), or if not, what the generalization of (1.1) is. Interestingly, in [20] it was conjectured that the reduced grand potential of a large class of the spectral determinants falls into the same expression as (1.1), where the geometry is read off from the classical spectral curve as in the case of the ABJM theory.
The investigation of the grand potential of general superconformal Chern-Simons theories starts from a special class enjoying the supersymmetry N = 4. It was found [21] [22] [23] [24] [25] that for the circular quiver of unitary gauge groups the superconformal Chern-Simons theory enjoys the supersymmetry enhancement of N = 4 if the Chern-Simons levels satisfies k a = (k/2)(s a − s a−1 ) with s a = ±1.
One of the simplest models [26] among the N = 4 superconformal Chern-Simons theories is the theory with the gauge group U(N) k ×U(N) 0 ×U(N) −k ×U(N) 0 , which is dubbed (2, 2) model from the number of ±1 appearing continuously in {s a } = {+1, +1, −1, −1}. In fact, it was observed [26] that the non-perturbative part of the grand potential has the structure of (1.1) with g s = 1/k and a particular choice of Kähler parameters T . Moreover, the diagonal Gopakumar-Vafa invariants, special combinations of the BPS indices, of the (2, 2) model match with those of the local D 5 del Pezzo geometry. This is indeed natural from the viewpoint of the Newton polygon since the spectral curve of the (2, 2) model is m,n e mq+np = e E with m, n = 0, ±1.
Due to the complexity with large degrees of freedom, it was difficult to study this generalization carefully. Very recently, from the improvements in the Fermi gas formalism, ‡ we were able to revisit the (2, 2) model by considering the rank deformations [36] and found that ‡ See [27] [28] [29] [30] [31] [32] [33] [34] [35] for related improvements in the Fermi gas formalism.
the reduced grand potential of the rank deformed (2, 2) model still falls into the same nonperturbative expression (1.1) with the total BPS indices listed in [37] split in a very non-trivial way. We also studied the rank deformations of the Z 2 orbifold § of the ABJM theory, or the (1, 1, 1, 1) model with {s a } = {+1, −1, +1, −1}, which are connected to the (2, 2) model at the edge of the rank deformations through the Hanany-Witten duality [38] . We found that the free energy of the topological string theory (1.1) unifies the moduli space of the rank deformations of these two dual models with the six Kähler parameters of the local D 5 del Pezzo geometry. From this unified viewpoint, the worldsheet instanton exponent e Another interesting model is the (2, 1) model with the gauge group U(N) k ×U(N) 0 ×U(N) −k whose levels are specified by {s a } = {+1, +1, −1}. Although the study of this model dates back to [39] , it was, however, difficult to find the general structure for a long time. In this paper, we shall present a complete description of the (2, 1) model (without rank deformations). We have found that the description of the (2, 1) model falls into the same expression as (1.1) if we choose the Kähler parameters and the BPS indices appropriately, though it looks quite different at first sight.
The study of this model is interesting also from the viewpoint of the Newton polygon. Though the spectral curve of the (2, 1) model is m,n e mq+np = e E with m = 0, ±1, n = ± 1 2 , we cannot consistently truncate to these points in the Newton polygon. In fact, after rescaling p/2 → p, the Newton polygon is indistinguishable as a convex hull from that for the (2, 2) model. So our main task in this paper is to identify how the D 5 del Pezzo geometry appears in the (2, 1) model. After observing that the instanton expression of the (2, 1) model keeps many BPS indices of the local D 5 del Pezzo geometry as mementos, we construct a framework so that these mementos can be utilized to describe the model correctly.
Considering the rather long analysis of the (2, 1) model starting from [39] , our resulting statement is surprisingly short. The reduced grand potential of the (2, 1) model is given by the same expression of topological strings (1.1) with the four Kähler parameters
3)
The BPS indices are obtained by identifying those of the local D 5 del Pezzo geometry as the representations of the original algebra so (10) and decomposing the representations to the § The physical interpretation of the repetition of the spectral operator is the orbifold in the target space of the M2-branes [22, 23] . This should not be confused with the orbifold in the background geometry of the topological string theory. subalgebra so (6) ×u (1)×u (1) where the two u(1) charges are identified respectively as the two degree differences of ± and ↑↓.
As a bonus of our study, we can also study the Z 2 orbifold of the (2, 1) model, that is, the (2, 1, 2, 1) model with {s a } = {+1, +1, −1, +1, +1, −1}. We have identified the reduced grand potential of the (2, 1, 2, 1) model with the topological string description (1.1) with the BPS indices being those of the local E 7 del Pezzo geometry. This is motivated by a suggestive expression of the Newton polygon of the E 7 del Pezzo geometry in [40] .
The organization of this paper is as follows. In section 2 we first review the known results of the (2, 1) model. After acquiring some clues from the observations on the relation to the rankdeformed (2, 2) model with the gauge group U(N) k ×U(N + M) 0 ×U(N + 2M) −k ×U(N + M) 0 and on the group-theoretical viewpoint for the (2, 2) model in section 3, in section 4 we present carefully how the reduced grand potential is described with the free energy of topological strings. In section 5 we shortly revisit the two-parameter rank deformation of the (2, 2) model [36] by expressing the reduced grand potential in a more economical language of characters. In section 6 we turn to the (2, 1, 2, 1) model and describe the reduced grand potential of this model using the language of characters. Finally we conclude with some discussions.
In appendix A we summarize the instanton coefficients and the group-theoretical data which are necessary in order to check the relation between the representation theory for so (10) and the instanton coefficients of the (2, 1) model and the rank deformed (2, 2) model. Appendix B is the collection of the instanton coefficients of the (2, 1, 2, 1) model and the group-theoretical data for E 7 and so(12) relevant to our proposal.
(2, 1) model
In this section we review the result for the (2, 1) model [26, 39] shortly. The infinite-dimensional path integral in defining the partition function of the (2, 1) model is reduced to a finitedimensional matrix integration [5] 
with the integrations
It was found that the reduced grand potential of the (2, 1) model defined as
by introducing the chemical potential µ dual to the rank N, is given separately as the summation of the worldsheet instanton part and the membrane instanton part
aside from the perturbative part, 5) with A given in [39] , if we reexpress with the effective chemical potential µ eff suitably. For integral k, µ eff is given by
where the first few non-perturbative terms are extrapolated into real functions of k using the WKB expansion [26] .
The worldsheet instantons are given by
The coefficients d m are determined as real functions of k by the interpolation from the coefficients at integral k, which are found to satisfy the multi-covering structure
where the multi-covering component δ d (k) takes the following form
The membrane instantons are given by the general form
where the instanton coefficients of odd instantons c 2ℓ−1 are constants in µ eff , while those of even instantons are the standard linear polynomials in µ eff with b 2ℓ µ eff + c 2ℓ satisfying the derivative relation
The first several coefficients were investigated from the WKB expansion up to O(k 9 ) in [26, 39] . The coefficients of the odd instantons can be expressed in the following simple multicovering structure 12) or explicitly
where γ d (k) takes the following form
with a finite number of positive integral coefficients γ d,n at each degree. Once we accept this multi-covering structure and utilize the WKB expansion of surprisingly high order O(k 29 ) [41] obtained with the derivative formalism of [42] , we can further determine γ d (k) of higher degree d. The explicit expressions of the functions γ d (k) are listed in appendix A.1.
The multi-covering structure for the even instantons was not clearly understood. Nevertheless, we achieved to determine the first few coefficients without recognizing the multi-covering structure 
with a finite number of non-vanishing integers b 2ℓ,n . With the abundant WKB data [41] we could further determine higher instanton coefficients b 2ℓ . Before going on to the higher instantons, however, let us provide several new observations which are essential to reveal the whole structure of the instanton coefficients.
Observations
In this section we shall make several observations for the non-perturbative part of the (2, 1) model and the (2, 2) model, which are helpful later in solving the models.
Worldsheet instanton relation
In [26] we observed that when setting all the cosine functions in the numerators of the worldsheet instantons of the (2, 1) model in (A.1) to be 1 (with the replacement of k by 2k) we correctly reproduce the worldsheet instantons of the (2, 2) model for 1 ≤ d ≤ 5. This relation is not valid any more for higher instantons, though the expressions look close. We find that this observation should be replaced by the following more accurate observation.
In [36] we studied the (2, 2) model with rank deformations. Among others, it was found that the worldsheet instantons of the (2, 2) model with the rank deformation U(N) k ×U(N + M) 0 ×U(N + 2M) −k ×U(N + M) 0 are given by (see (3.20) in [36] 
Comparing these functions with the worldsheet coefficients of the (2, 1) model (A.1), it is interesting to observe a close relation. Namely, if we replace k by k/2 and set M = ±1/2 in (3.1), we can reproduce the worldsheet instantons of the (2, 1) model (A.1) correctly
This observation explains the match in lower instantons and the mismatch in higher instantons observed in [26] . The relation observed in [26] is correctly reproduced in lower instantons if we assume the relation (3.2). Since the cosine functions in the numerator of (3.1) comes from the rank deformation, setting the cosine functions in δ d (k) to be 1 amounts to changing M = ±1/2 to M = 0. When we proceed to higher instantons and perform the replacement (3.2), the numerator of (3.1) contains the cosine functions with larger arguments, which cause the mismatch after being reexpanded by the denominator sin
There is an important implication from this observation. Though in [39] and [26] it was difficult to see whether the non-perturbative part fits to (1.1), with the expression of the Kähler parameters for the rank-deformed (2, 2) model [36] 
the relation (3.2) means that we can give a general expression for the worldsheet instanton if we choose the Kähler parameters and the string coupling constant schematically as
If we look at the membrane instanton more carefully, however, the fit to the expression ( (3.4) . In fact, with this setup, we shall see later in section 4.1 that the cancellation happens beautifully. The introduction of the four Kähler parameters is partially motivated by the study of the Z 2 orbifold of the ABJM theory, or the (1, 1, 1, 1) model, in [36] . In relating this model to the (2, 2) model by changing the brane configuration, we found a non-trivial cancellation of odd instantons, which is very similar to the cancellation of the linear µ eff term here.
Multi-covering structure for membrane instantons
Once we have found the relation to the (2, 2) model in the worldsheet instantons, we are motivated to relate the membrane instantons of the (2, 1) model with those of the (2, 2) model as well. Interestingly, we find that the even membrane instantons (2.15) possess the following novel multi-covering structure 5) or explicitly
where
(k) of the (2, 2) model without rank deformations (see (3.15) and (3.17) in [26] ) as
Indeed, in these expansions the new component β ′ d (k) at each order takes the form of
with a finite number of positive integers β d,n , as in the case of the ABJM theory and the (2, 2) model. Once we adopt this new multi-covering structure, we can also determine the coefficients of even instantons β The above novel multi-covering structure (3.5) can be understood from the pole cancellation. As our goal is to express the instanton effects as the free energy of topological strings (1.1) where the pole cancellation occurs among the multi-covering components of each degree without mixing, it is reasonable to require the instanton coefficients to have the same substructure. The multi-covering structure (3.5) assisted with β d (k), along with (2.8) and (2.12), is very important to respect this substructure of the pole cancellation. For example let us consider the multi-covering component of degree d = 2 in the instanton coefficient of e −4µ eff at k = 2. If we adopted β ′ 2 (k) coming directly from b 2 for the multi-covering component of b 4 at degree d = 2, the poles in the combination 9) in the limit k → 2 were not cancelled any more. The reason of adopting the multi-covering structure (3.5) will be explained more carefully from the viewpoint of the free energy of topological strings (1.1) in section 4.1.
Group-theoretical viewpoint
Before proceeding to the analysis, we shall explain another interesting observation. In [36] it was found that the total BPS indices identified in [37] are split due to the introduction of two Kähler parameters. We recapitulate the BPS indices discovered in [36] in table 1, though the table is rearranged in a different way. With this rearrangement it is not difficult to find the relation to the decomposition of the representations in the algebra so(10) to the subalgebra so(8)×u (1) . For example, the spin (0, 3 2 ) sector of degree 4 is reminiscent of the decomposition of the adjoint representation 45 and the spin (0, 2) sector of degree 5 is the decomposition of the representation 144
(3.10)
Hence, the BPS index 29 in table 1 should be interpreted as the representations 28 and 1, while 64 is interpreted as the representations 56 s/c and 8 s/c . 
The information on the non-vanishing BPS indices in the first three columns is recapitulated from the tables in [37] and the split into various degree differences in the fourth column comes from [36] .
Reversely, after assuming that the BPS indices are obtained by decomposing the so (10) representations to the subalgebra so (8)×u (1), with table 6 of the decomposition of various irreducible so(10) representations, we can check that no other candidate combinations of the so(10) representations can form the BPS indices 45 or 144 with the same decomposition. This is true also for the other BPS indices. We have listed the representations in table 1. Though in [37] the representations seem determined directly from the Weyl orbits, our determination of the representations is rather indirect through the decomposition.
It is known that the lattice points in the weight lattice with the identification of the root lattice are classified by the congruency class Z 4 for so (10) , so are the irreducible representations. It is interesting to further observe that the representations of so (10) This observation for the BPS indices of the (2, 2) model from the group-theoretical viewpoint may apply not just to the (2, 2) model. We also expect the group-theoretical viewpoint to work later in our study of the (2, 1) model.
Topological string
In this section we shall see that the instanton effects of the (2, 1) model are consistent with the free energy of topological strings (1.1). First we provide a set of four Kähler parameters which realizes the following structures of the instanton coefficients,
• the multi-covering structures of d ℓ (2.8), b 2ℓ (3.5) and c 2ℓ−1 (2.12),
• the vanishing odd coefficients, b 2ℓ−1 = 0, and
• the derivative relation between c 2ℓ and b 2ℓ (2.11).
Then we determine the BPS indices for small degrees. Interestingly, the BPS indices again correspond to the decomposition of the so(10) representations, where two differences of the degrees specifying the split of the BPS indices are identified with the two u(1) charges in the decomposition to the subalgebra so(6)×u (1)×u(1). This is how the observations in section 3 are brought to life. Furthermore, once the representations are determined from the (2, 2) model, this enables us a top-down derivation for all of the instanton coefficients of the (2, 1) model.
Kähler parameters
Our starting point is the same topological string free energy (1.1)
The main assumption is to introduce the following four Kähler parameters
with the string coupling constant identified as g s = 2/k. Due to the relation
we find that the whole information on the degrees d is simply encoded in the total degree d, the membrane degree d m and the worldsheet degree d w . Hence, hereafter we sum the BPS indices over all degrees giving the same set of (d, d w , d m ) and label the BPS indices by these degrees
For our later analysis we further assume the even property of 2j L + 2j R − 1 − d and the symmetry of the BPS indices
Let us deduce the instanton coefficients from (4.1). As was noticed in [33] , the imaginary part ±πi in the Kähler parameters (4.2) realizes the multi-covering structure of the worldsheet instanton (2.8) when 2j
where the multi-covering component of the worldsheet instanton is described by the BPS indices summed over all of the membrane degrees
The names of membrane degrees and worldsheet degrees will be clear in the later discussion. The even/odd parities of these degrees all coincide.
The membrane instanton coefficients can be read off from (4.1) as
with b ℓ and c ℓ given respectively by
and
Now we can see the vanishing of odd coefficients b 2ℓ−1 = 0 is realized from the symmetry of the BPS indices (4.6). This symmetry allows us to replace e ℓ , for even n,
we obtain the following multi-covering structure 13) which is exactly what we have suggested in (3.5). Here the multi-covering components are 14) with the original BPS indices N
The coefficient c ℓ (4.11) can be simplified in the same way. For even instantons c 2ℓ , from the symmetry of the BPS indices (4.6), the πid w /2 term is cancelled and the πikd m /2 term is combined into the derivative term to reproduce the derivative relation (2.11). For odd instantons c 2ℓ−1 , on the other hand, from the symmetry of the BPS indices (4.6), only the πid w /2 term survives. Due to the simplification
(which can be proved from (e ± πi 2 ) (n−1)(dw−1) = 1 by noting both n and d w are odd if nd is odd), we reproduce the multi-covering structure (2.12)
where the multi-covering components are 18) with the weighted BPS indices M
BPS indices
After constructing the general framework to reproduce the multi-covering structure and the derivative relation, now we can ask whether the expression of the topological string free energy matches with the instanton coefficients if we choose the BPS indices suitably. As in [36] we shall assume the positivity (−1)
≥ 0 and study how the original total BPS indices listed in [37] is partitioned
We have observed in (3.2) that the worldsheet instantons of the rank deformed (2, 2) model agree with those of the (2, 1) model if we rescale k by 1/2 and set M = ±1/2. Hence, if the worldsheet BPS indices N 21) from the comparison of the general expression (4.14), (4.18) with
. Combining with the condition of the total worldsheet BPS indices N
, both of which are given by 22) we find that the separated BPS indices N
Looking closely at the decomposition for d = 2, for example, we find that the membrane BPS index |N
where we have denoted the worldsheet degree
as subscripts. Then, this expression is reminiscent of the decomposition of the representation 8 v from so (8) to the subalgebra so(6)×u(1). This interpretation works for the other BPS indices in d = 1, 2, 3 as well.
After observing the relation to the further decomposition of the so (8) representations to so(6)×u(1), since we have already identified the BPS indices as the representations of so (10) for d = 4, 5 in table 1, the only remaining task is to decompose each so(8) representation in (3.10) to so(6)×u(1),
Then we find that the degrees should be decomposed as Substituting these BPS indices into (4.14) and (4.18), we find that the instanton coefficients in (A.3) and (A.2) obtained from the WKB expansions are beautifully reproduced.
To summarize, our proposal is that the reduced grand potential of the (2, 1) model is described by the BPS indices which are obtained by identifying the total BPS indices of the local D 5 del Pezzo geometry as the representations of so (10) and decomposing the so (10) representations to the subalgebra so(6)×u (1)×u (1) with the two u(1) charges identified as the two degree differences.
Characters
We have found that we can describe the reduced grand potential of the (2, 1) model by the free energy of topological strings if we adopt the ansatz of the four Kähler parameters (4.2) and choose the BPS indices appropriately by the decomposition of the so(10) representations. Here we point out that our proposal on the reduced grand potential can be summarized compactly in terms of the characters of so (10) .
For this purpose, we first introduce the characters of so(10) with two fugacities,
each of which measures the two u(1) charges in the decomposition
Then, once the total BPS index is identified as the so (10) representations,
each BPS index coming from the so(10) representations can be given as
This implies from (4.8), (4.14), (4.18) that the multi-covering components of the worldsheet instantons and the membrane instantons are compactly given in terms of the characters by
where we have also introduced the su(2) character
Higher degrees
We believe that all the evidences we have provided in section 4.2 are already quite non-trivial. Nevertheless, in this subsection we shall proceed to even higher degrees d = 6, 7, 8 to convince the readers completely of our proposal.
After proposing to obtain the BPS indices from the decomposition of the representations, our remaining task is to identify the so(10) representations which the total BPS indices listed in [37] consist of and to decompose the representations to the subalgebra so(8)×u(1). This can be done completely in the study of the (2, 2) model before considering the (2, 1) model. Then, we can apply our rule of further decomposing the so (8) representations to the subalgebra so(6)×u (1) ) and ( We find that we can obtain the worldsheet instanton of the (2, 1) model (A.1) by substituting M = ±1/2 and replacing k by k/2 as in (3.2) . By applying this rule we encounter the cosine functions with higher arguments which can be reexpanded by the denominator, as we have explained below (3.2). Due to this reason, the rule observed in [26] should be modified by In the above identification of the representations for the BPS indices of d = 8, we have adopted the assumption that the same BPS indices consist of the same set of the so(10) representations. Since we do not have a persuasive reason for this assumption, we have also performed an alternative analysis. Namely, instead of the above assumption, we adopt our proposal of the relation between the (2, 2) model and the decomposition of the so(10) representations to so(8)×u(1) and the relation between the (2, 1) model and the decomposition of the same representations to so(6)×u(1)×u(1) simultaneously. Then, we reach the same result of the identification of the so(10) representation listed in table 3.
Rank-deformed (2, 2) model from characters
Previously in [36] two types of rank deformations in the (2, 2) model were studied. As we have seen in section 3.3, one of the rank deformations U(N) k ×U(N + M) 0 ×U(N + 2M) −k ×U(N + M) 0 corresponds to introducing the fugacity to distinguish the u(1) charge in the decomposition of the so(10) representations to the subalgebra so(8)×u (1) . Here let us turn to revisiting the two-parameter rank deformation U( [36] where the previous deformation corresponds to (M I , M II ) = (M, 0).
To describe this deformation, in [36] six Kähler parameters were identified
and the corresponding BPS indices were studied. It was difficult to distribute the BPS indices into various degrees precisely, which is essentially due to the relations among the Kähler parameters
In other words, the description in [36] with the six Kähler parameters is probably correct though it may not be the most economical description because the six Kähler parameters are too abundant for the deformation with only two parameters. Our studies in the previous section suggest that instead of introducing many Kähler parameters it is more economical to identify the u(1) charge correctly and describe the reduced grand potential by the characters with the u(1) fugacity. From this viewpoint, in addition to the previous u(1) charge d I appearing in decomposing the so(10) representations to so (8) ×u (1), we introduce another u(1) charge d II , both of which are given explicitly in the current degrees by After the rearrangement it is not difficult to find the relation to the decomposition of the so (8) 
representations to [su(2)]
4 . Namely, due to the decomposition of the first few so (8) representations,
we can successfully identify the u(1) charge as the Cartan subalgebra of the last su (2) .
From this identification of the u(1) charge we can introduce another character with two parameters and describe the worldsheet and membrane instantons as
where the instanton coefficients are given by
Note that in the coefficient c ℓ we treat b I and b II to be independent of k under the derivative. Using the representations of so(10) in table 1, table 2,  table 3 and the characters in appendix A.4, we find that this simple expression reproduces all the instanton coefficients listed in appendix C of [36] for 1 ≤ d ≤ 8.
Orbifold (2, 1) model
There is one more interesting theory which is solvable from the group-theoretical viewpoint. One lesson we learned from the study of the superconformal Chern-Simons theory with the orthosymplectic gauge group in [43] (see also [32, 33, 44, 45] ) is that sometimes the duplicate quiver is easier than the original one. In the previous sections we have struggled for expressing the reduced grand potential of the (2, 1) model in terms of the free energy of topological strings (1.1). Here instead let us consider the duplicate (2, 1, 2, 1) model, which is the U(N) 6 superconformal Chern-Simons theory with {s a } = {+1, +1, −1, +1, +1, −1}. The physical interpretation of the repetition of {s a } is the orbifold [22, 23] and we often refer to the (2, 1, 2, 1) model also as the Z 2 orbifold of the (2, 1) model. Since the odd membrane instantons of the (2, 1) model (2.10) look very similar to those of the orthosymplectic theory [43] , it is natural to expect that the odd membrane instantons are projected out in the duplicate (2, 1, 2, 1) model as well and the reduced grand potential falls into the standard expression (1.1) easily.
Before starting the computation of the instantons in the (2, 1, 2, 1) model, let us guess which set of the BPS indices should govern the model. From the Newton polygon, the general deformation of the (2, 1, 2, 1) model corresponds to a genus-three curve, which seems not so easy from the current technology. However, as explained carefully in [40, 46] (see figure 8 in [40] ), the E 7 del Pezzo geometry also appears as a special case of the same curve with the parameters tuned (which reduces the curve to genus-one).
* * Hence, we expect that the (2, 1, 2, 1) model is governed by the BPS indices of the local E 7 del Pezzo geometry. * * We can check explicitly that, in the classical limit k → 0, the genus of the curve degenerates due to the singularity of the curve. We thank Yasuhiko Yamada for valuable discussions.
Instantons
The reduced grand potential of the Z 2 orbifold theory J [2] (µ) can be obtained from the original one J [1] (µ) by applying the rule of [47] ,
Since we shall discuss both the (2, 1) model and the (2, 1, 2, 1) model, to avoid confusions, we put the superscripts (2, 1) and (2, 1, 2, 1) to each quantity in this subsection to denote which model the quantity is associated to.
When we consider the duplicate model in (6.1), we need to substitute (µ ± πi)/2 ± 2πin for µ. The reduced grand potential J (2,1) (µ) (2.4) depends on µ only through µ Note that there is a great simplification in the "twisted" sectors (n = 0) for the current case. After the substitution, the exponent in the twisted sector becomes
Note that both the even and odd membrane instanton parts cancel among themselves, leaving only the perturbative part and the worldsheet instanton part. Furthermore, if we use the result C (2,1) = 1/(π 2 k), the exponential function of the perturbative part becomes e , giving rise to the worldsheet instanton contribution. Namely, after substituting the worldsheet instanton part (6.3) into the logarithmic function in (6.1), we find that the twisted sectors only give the worldsheet instanton for the current case.
Therefore, the membrane instanton part comes directly from the "untwisted" sector (n = 0), as was the case for the perturbative part [47] . Again, the contributions from the odd membrane instantons e −(2ℓ−1)µ 
Here the coefficients of the perturbative part are given by
while those of the membrane instantons are given by
which indicates the derivative relation
The coefficients of the worldsheet instantons d 
To summarize, we obtain the membrane instanton coefficients in the (2, 1, 2, 1) model of degree ℓ directly from those in the (2, 1) model of degree 2ℓ using (6.7), while for the worldsheet instanton coefficients of degree m we need to expand (6.1) up to the m-th order with the help of (6.3) as in (6.9). Hereafter we shall only discuss the (2, 1, 2, 1) model and omit the superscript (2, 1, 2, 1).
Characters
Due to the difference in the odd instantons and the even instantons, we adopt an alternating multi-covering structure motivated by (4.15) .
By comparing with the result obtained in (6.1), we find that the first few instanton coefficients are given by
(6.12)
It is then interesting to compare these coefficients with the tables for the BPS indices of the local E 7 del Pezzo geometry in [37] . Let us decompose the E 7 representation 56 appearing in d = 1 to the subalgebra so(12)×su(2), 56 → (12, 2) + (32, 1), (6.13) and identify 32 and 24 in the numerator in (6.12) respectively as 32 × 1 and 12 × 2. We can imagine that the even(bosonic) and odd(fermionic) representations in the congruency class of su(2) contribute to δ
respectively. Namely, once the BPS indices in the tables of [37] are partitioned into the E 7 representations 14) we propose that the multi-covering component of the worldsheet instantons is computed by
where we have defined 16) for the decomposition
For the membrane instantons, we assume the standard multi-covering structure 18) though for the comparison with the worldsheet instantons we also need the parity separation
(6.19)
Here we have defined the E 7 characters χ ± R (q) from the so(12) characters χ r (q) as χ 20) with h specifying the u(1) charge in the further decomposition of the so (12) representations to the subalgebra so (10)×u (1) so (12) 
With this identification, the remaining task is to separate the BPS indices given in [37] as the E 7 representations. Fortunately, this is given explicitly in [37] (see table 5) . Surprisingly, we can confirm that the BPS indices with the identification of the representations given in [37] correctly reproduce the worldsheet instantons and the membrane instantons in appendix B.1 for 1 ≤ d ≤ 4 after decomposing the E 7 representations to so(10)×u(1)×su(2) using the grouptheoretical results in appendix B.2. Comparing the congruency class Z 2 of E 7 , it is interesting to observe that all of the representations appearing in degree d belongs to the class d mod 2.
The identification of the representations for d = 5 given in [37] , however, does not obey the congruency class and the decomposition of the E 7 representations does not give the instanton effects correctly. Hence we assume general degeneracies n d=5,R j L ,j R of the representations obeying the congruency class and solve the conditions to match the worldsheet instantons and the membrane instantons listed in appendix B.1. We have found a unique positive solution {n d=5,R j L ,j R } given in table 5.
As in the case of the rank-deformed (2, 2) model studied in the previous section, we could introduce five Kähler parameters
There are again, however, not enough data to completely determine the split of the BPS indices. We have chosen alternatively to express our final result with the characters. 
), (1, 1), ( ), (2, 4) 56 56 Table 5 : The constituent representations for the total BPS indices of the (2, 1, 2, 1) model for 1 ≤ d ≤ 5.
Discussions
We have revisited the grand potential of the (2, 1) model. We first observe that the worldsheet instantons of the (2, 1) model coincide exactly with that of the rank deformed (2, 2) model through the relation (3.2). This gives us a hint for the novel multi-covering structure of the membrane instantons (3.5). We also observe that the BPS indices for the (2, 2) model are those for the local D 5 del Pezzo geometry with the decomposition of the so(10) representations to the subalgebra so(8)×u (1) . With these observations in mind, we are able to construct a framework to reproduce the multi-covering structure (2.8), (3.5), (2.12) and the derivative relations (2.11) for the reduced grand potential of the (2, 1) model using the topological string free energy by introducing the four Kähler parameters (4.2). After identifying the BPS indices, we discover that the BPS indices are those obtained by further decomposing the so(10) representations to so(6)×u(1)×u(1). We also explain that it is natural that the same set of the BPS indices is used for both the (2, 2) model and the (2, 1) model from the viewpoint of the Newton polygon.
We have continued to study the (2, 1, 2, 1) model, which is the Z 2 orbifold of the (2, 1) model, and find that this time the BPS indices are those of the local E 7 del Pezzo geometry, with the E 7 representations decomposed to the subalgebra so(10)×u(1)×su(2). Though we have not been able to identify the correct representations for the local E 7 del Pezzo geometry in d = 6 so far, we have listed the worldsheet instanton and the membrane instanton in appendix B.1 so that it can be checked in the future.
From the viewpoint of five-dimensional gauge theories [48] , the local D 5 del Pezzo geometry and the local E 7 del Pezzo geometry are respectively associated to the N = 1 SU(2) Yang-Mills theories with N f = 4 and N f = 6 matters, possessing the perturbative flavor symmetries so (8) and so (12) . It is only after we include the non-perturbative effects that the flavor symmetries are enhanced to D 5 and E 7 . This may explain why we first consider the decomposition of the so(10) representations to so (8)×u (1) and that of the E 7 representations to so(12)×su(2) when studying the instantons. Then, it remains to see which Weyl symmetries the models or the deformations preserve. It would be interesting to figure out the general rule to identify the u(1) charges.
In our determination of the representations, we have observed that the representations utilized in the BPS indices of degree d are all in the congruency class d. We would like to know how this can be proved mathematically rigorously.
Years ago it was difficult to find the expression of the (2, 1) model and its cousins. We believe that our work has opened up a new avenue towards more general understanding of the partition function of the N = 4 superconformal Chern-Simons theories. We would like to pursue more examples, such as the (p, q) models, for a concrete view of the non-perturbative effects.
From the above several examples along with those in [41, 42] , the description of the nonperturbative effects of the reduced grand potential using the topological string theory (1.1) seems to work at least for the genus-one curve. For a general (p, q) model the Newton polygon suggests the curve to be of higher genus, hence it is desired to know what the correct description is for higher genus curves. Especially we would like to see explicitly how recent proposals on the spectral determinant of higher genus curves [49, 50] works for these superconformal ChernSimons theories. Our orbifold (2, 1) model may be instructive in the sense that on one hand the associated curve is generally of genus-three, though on the other hand the curve degenerates to genus-one.
A Data for (2, 1)/(2, 2) model and D 5
In this appendix we summarize the data which are relevant in discussing the relation between the instanton effects of the (2, 1)/(2, 2) models and the free energy of the topological string theory on the local D 5 del Pezzo geometry. In appendix A.1 we display the instanton coefficients of the (2, 1) model in terms of the multi-covering components. In appendix A.2 we list the irreducible representations of so (10) and the characters with a single u(1) fugacity associated to the decomposition of the so (10) representations to the subalgebra so(8)×u (1) . These data are used to determine the representations which the BPS indices of the local D 5 del Pezzo geometry consist of from the instanton coefficients of the (2, 2) model. In appendix A.3 we list the characters with an additional u(1) fugacity associated with the further decomposition of the so (8) representations to the subalgebra so(6)×u (1), which appear in the instanton coefficients of the (2, 1) model. Finally, in appendix A.4 we turn on the second fugacity in a different way so that the characters reproduce the instanton coefficients of the (2, 2) model with the gauge group U(
A.1 Instanton coefficients for (2, 1) model
We shall list the explicit form of the instanton coefficients for the (2, 1) model. The first several coefficients of the worldsheet instantons are given by Table 6 : The decomposition of the so(10) representations to the subalgebra so (8)×u (1).
vector. For the current case of the algebra so (10), if we choose the fundamental weights as
the fugacity for the u(1) charge in decomposing the so (10) representations to the subalgebra so (8) ×u (1) is ξ = (2 log q, 0, 0, 0, 0).
The explicit expression of the characters are given by for the congruency class d ≡ 2 mod 4 and
for the congruency class d ≡ 1, 3 mod 4.
A.3 BPS indices for so(10) representations
In the main text we have conjectured that the BPS indices appearing in the (2, 1) model are those obtained by decomposing the so(10) representations to the subalgebra so(6)×u(1)×u(1).
Then only a few combinations of the original BPS indices N These BPS indices can be computed from the characters with two fugacities indicating the two u(1) charges in decomposing the so(10) representations to the subalgebra so(6)×u(1)×u (1) . With the same choice of the fundamental weights (A.7), the characters can be obtained by substituting ξ = (2 log q, 2 log p, 0, 0, 0) into (A.6), where we omit the characters of some so(10) representations which are not used for the BPS indices. Then, using (4.31), the two combinations of the BPS indices are obtained in table 7 from the characters.
The characters are given by 
for the representations of so (10) 
for the congruency class d ≡ 0 mod 4, 12) for the congruency class d ≡ 2 mod 4 and A.4 Characters for rank-deformed (2, 2) model
In this appendix we shall list the so(10) characters with two parameters for the study of the (2, 2) model with the rank deformation U(
The characters are obtained by setting ξ = (2 log q I , log q II , log q II , 0, 0) in the Weyl character formula (A.6) for the same choice of the fundamental weights (A.7). The characters are given explicitly by B Data for (2, 1, 2, 1) model and E 7
In this appendix we summarize the data to relate the instanton coefficients of the (2, 1, 2, 1) model with the free energy of the topological string theory on the local E 7 del Pezzo geometry. In appendix B.1 we collect the instanton coefficients, while appendix B.2 provides the decompositions of the irreducible representations of E 7 to the subalgebra so(12)×su(2) and the characters of the so(12) representations.
B.1 Instanton coefficients for (2, 1, 2, 1) model
In this appendix we list the first several instanton coefficients. For the worldsheet coefficients, following the main text, we express them by separating into the ± parts. Note that, purely from the numerical results of the instanton effects up to degree d, we only obtain the difference δ
The separation is obtained only after studying the instanton effects up to degree 2d or taking care of the tables for the BPS indices of the local del Pezzo E 7 geometry in [37] . 
B.2 Decomposition of E 7 representations
To identify the representations which the BPS indices consist of for the (2, 1, 2, 1) model, we need to decompose the E 7 representations to the subalgebra so(12)×su(2) and further decompose the so (12) representations to the subalgebra so(10)×u(1). The first several decompositions are given in table A.88 of [51] . Though this is not enough we can continue by the Mathematica package provided there. For our purpose, we separate the decompositions by the congruency class. For the even congruency class we find the decompositions 
